In this paper, we study some results of existence and uniqueness of fixed points for a class of mappings satisfying an inequality of rational expressions. Our main result extends and unifies the well-known results of Khan [M. S. Khan, Rend. Inst. Math. Univ. Trieste, 8 (1976), 69-72].
Introduction and preliminaries
In the mid-sixties, fixed points results dealing with general contractive conditions with rational expressions were appeared. On of the well-known works in this direction were established by Khan [2] as follows: where k ∈ [0, 1) and x, y ∈ X. Then T has a unique fixed point x * ∈ X. Moreover, for all x ∈ X, the sequence {T n x} converges to x * .
It was shown by Fisher [1] that in (1.1) if the denominator vanishes, then y = T y and y = T x and consequently also the numerator vanishes. Moreover, we have d(T x, T y) = d(x, y), and so the contractive condition is not well-defined. In fact, it needed some extra conditions, that is, d(x, T y) + d(T x, y) = 0 implies that d(T x, T y) = 0.
Thus, the correct version of Theorem 1.1 can be stated as follows:
Theorem 1.2 ([1]
). Let (X, d) be a complete metric space and let T : X → X satisfies
where k ∈ [0, 1) and x, y ∈ X. Then T has a unique fixed point x * ∈ X. Moreover, for all x ∈ X, the sequence {T n x} converges to x * .
Also by providing some examples, Fisher [1] showed the insufficiency of Khan's theorem. Recently, Redjel et al., by introducing (α, β)−Meir-Keeler-Khan mapping have generalized the result of Fisher (see [3] ).
In this paper, we introduce a new type of contraction satisfying an inequality of rational expressions and prove a new fixed point theorem concerning this type of contraction. Our result is real generalization of Khan fixed point theorem. The article includes an example showing that the obtained extension is significant.
Main results
Our main theorem is essentially inspired by Khan [2] , Fisher [1] , and Rhoades [4] . More precisely, we state and prove the following result. 
Then T has a unique fixed point x * ∈ X. Moreover, for all x ∈ X, the sequence {T n (x)} converges to x * .
Proof. Let x 0 = x ∈ X. Put x n+1 = T x n = T n+1 x 0 for all n = 0, 1, 2, · · · . If there exists n ∈ N such that x n = x n−1 , then x n−1 is a fixed point of T. This completes the proof. Therefore, we suppose x n = x n−1 for all n ∈ N. We shall divide the proof into two cases.
)} is monotonic nonincreasing sequence which is bounded below. So, there exists γ 0 such that
We claim that γ = 0. Arguing by contradiction, we assume that γ > 0. So from (a), we have
Taking limit superior as n → ∞ to each side of the (2.2), we get lim sup
So, from (2.3), (2.4), and (2.5), we obtain 0 < γ γ − ϕ(ϕ) < γ. It is a contradiction. Therefore, we have
Now, we claim that, {x n } ∞ n=1 is a Cauchy sequence. Arguing by contradiction, we assume that there exist > 0, and the sequences {p(n)} ∞ n=1 and {q(n)} ∞ n=1 of natural numbers such that
From the triangle inequality, we get
Thus from (2.6), (2.7), and the sandwich theorem, we get
By the triangle inequality, for all n ∈ N, we have the following two inequalities:
Letting n → ∞ in inequalities (2.9) and using (2.6) and (2.8), we obtain
Again by the triangle inequality, for all n ∈ N, we have the following two inequalities:
Letting n → ∞ in inequalities (2.12) and (2.13), using (2.6) and (2.10), we obtain lim sup
So, there exists N 2 ∈ N such that
(2.14)
So for all n N = max{N 1 , N 2 } from (2.11) and (2.14), we have
So from (2.6), we get
It follows from (2.15) and (2.16) that 0. This contradiction shows that {x n } is a cauchy sequence. By completeness of (X, d), {x n } converges to some point x * in X. Therefore
We only have the following two cases (I) ∀n ∈ N ∃i n ∈ N, i n > i n−1 , i 0 = 1 and
In the first case from (2.17), we have
In the second case, for all n N, we have
So from (2.1), we get
, so from (2.6), (2.17), and taking limits as n → ∞ to each side of the (2.18), we get d(x * , T x * ) 0 and hence d(x * , T x * ) = 0. Now, we show that T has a unique fixed point. For this, we assume that y * is another fixed point of T in X such that d(x * , y * ) > 0. Therefore
So from (a), we get d(x * , y * ) = 0. This leads to a contradiction and hence x * = y * . This completes the proof. 
for some k ∈ [0, 1) and x, y ∈ X. Then T has a unique fixed point x * ∈ X. Moreover, for all x ∈ X, the sequence {T n (x)} converges to x * ∈ X .
Proof. It is sufficient to take ϕ(t) = τt for all t ∈ [0, ∞) and τ ∈ (0, 1) and k = 1 − τ in Theorem 2.1.
Theorem 2.3. Let (X, d) be a complete metric space. Let S and T be mappings from X into itself such that S and T commute and S satisfies
where k ∈ [0, 1) and x, y ∈ X. Then T has a unique fixed point x * ∈ X.
Proof. By Theorem 2.2, S has a unique fixed point x * ∈ X. Then, we have
and so T x * is a fixed point of S. Therefore, by uniqueness of the fixed point of S it must be that T x * = x * .
Theorem 2.4 ([1]
where k ∈ [0, 1) and x, y ∈ X. Then T has a unique fixed point x * ∈ X. Moreover, for all x ∈ X, the sequence {T n (x)} converges to x * .
so from Theorem 2.2 the proof is complete. We rewrite X as X = { 1 n+2 | n ∈ N} ∪ {0, 
